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Abstract

Norm-attainable operators are essential in functional analysis, helping solve optimization problems
and operator equations in Banach and Hilbert spaces. This study builds on earlier work that focused
mainly on Hilbert spaces but gave less attention to other spaces like P and the patterns of operator
sequences. Using a deductive approach with tools like the Hahn-Banach theorem and spectral
theorem, we develop clear conditions for p-norm attainability in £P spaces and confirm when self-
adjoint operators achieve their norm in Hilbert spaces. We extend norm-attainability to iterated
operators defined by M_g_’})Y = S™YT™ Banach spaces, show that a sequence {t,} preserves p-
normality, and introduce a new sequence that converges strongly in reflexive spaces. These findings
improve methods for maximizing functions and solving operator equations. Our work broadens
existing theory by including Banach spaces and new sequence dynamics, providing useful tools for
operator algebras. Future studies could explore non-reflexive spaces and sequence convergence
speeds
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Introduction spaces, focusing on p-norm attainability, p-
Norm-attainable operators are central to normalit_y, and u_n_it vector existence._lt sge_ks
functional analysis, enabling the study of to establish co_ndl_tlonsfor p-norm attainability
bounded linear operators on normed spaces, and p-normality in Banach spaces, prove the
particularly Banach and Hilbert spaces. An existence of unit vectors for bounded self-
operator T : X — X on a normed space X is adjoint operators in H|_Ibert _spaces, and
norm-attainable if there exists a unit vector x, explore their applications in optimization and
€ X such that ITx, Il = IITIl, a property crucial functional equations. o

for understanding operator norms and their Norm-attainable operators, satisfying IITxo Il =
extremal behaviors Evans (2023). While ITIl for a unit vector xo, are fundamental in
Hilbert spaces bene t from the spectral operator theory Wlthm_ functlonql analys_ls.
theorem, norm-attainability in Banach spaces Okelo et al. (2010) derived norm inequalities
is less understood due to complex geometric for Jordan elementary operators in Hilbert
structures, posing theoretical ~challenges spaces, showing llUagll > IIAIlIIBII, establishing
Okelo (2020). Recent studies highlight their early conditions for norm-attainability with
role in functional equations and optimization, applications in computational mathematics.
with applications in numerical analysis and Okelo (2018) explored norm-attainability and
mathematical physics Mogoi et al (2023). This range-kernel orthogonality of elementary
study analyzes the properties of norm- operators in Banach spaces, using reflexive
attainable operators in Banach and Hilbert Hilbert spaces to highlight geometric
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challenges in extending Hilbert space results.
Shirokov (2018) introduced E-norms in Hilbert
spaces, generalizing continuity properties for
guantum information theory, but Banach space
applications remained limited.

Okelo (2020) characterized norm-attainability
for elementary and non-power operators in
Banach spaces, noting complexities due to the
lack of a spectral theorem. Evans and Apima
(2023) analyzed norm-attainable operators in
Hilbert spaces’ compact and self-adjoint
settings, leveraging spectral theory, though
Banach space  generalizations  were
constrained.

Mogoi et al. (2023) linked norm-attainable
selfadjoint operators to orthogonal polynomials
in Hilbert spaces, proving their norm-
attainability via spectral properties. Okelo
(2023) extended this to elementary operators’
spectral roles in functional equations, noting
unresolved p-norm attainability issues in
Banach spaces.

Owino (2025) connected norm-attainability in
Banach space duals to convex optimization,
showing dentable classes are dense, but p-
norm attainability and p-normality relations
were inconsistent. Ochieng et al. (2025)
proved numerical radius preservation in
Hilbert space norm-attainable classes requires
unitary isomorphisms, leaving Banach space
extensions underdeveloped. Despite advances,
a unified framework for norm-attainability in
Banach spaces, particularly for p-norm
attainability and unit vector existence, remains
lacking.

Materials and Methods

This section presents a theoretical framework
to investigate norm-attainable operators in
Banach and Hilbert spaces, focusing on
conditions for p-norm attainability and p-
normality, the existence of norm-attaining unit
vectors for self-adjoint operators, and their
applications in optimization and functional
equations. Using a deductive approach, we
develop definitions, propositions, a lemma, a
theorem, and a corollary, with rigorous proofs
grounded in standard functional analysis
Okelo and Evans (2020, 2023).
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Mathematical Preliminaries

We define essential concepts for norm-
attainable operators as mentioned by Okelo
(2018). A normed space X over C has a norm
Il - lIx satisfying positivity, homogeneity, and
the triangle inequality. A Banach space is
complete, e.g., #7 (1 < p < ) with
"Jl » ':.Er:—| | |i|:|-
A Hilbert space H has an inner product
inducing

IXIl = {/{x.x), e.g., 2. A bounded operator T:
X — X has finite norm [ITIl =sup x|, ITXlIx.
An operator is norm-attainable if there exists
X, [IXllx= 1, such that

in

ITXIx=1ITII.

A self-adjoint operator A: H — H satisfies
(AXy) = (x,Ay). An operator is p-norm
attainable if

ITPxlx= TP,

and p-normal if TPT* = T*TP. The spectral
theorem gives [[All = sup{|4| : 1 € a(A)} for
self-adjoint A.

p-Norm Attainability in Banach Spaces

We establish conditions for
attainability in (1 < p < «).

p-norm

Proposition 3.1. Let T:#P— £P be a bounded
diagonal operator, T(x,) = (A,x,) with
Supy|A,| < oo. Then T is p-norm attainable if
and only if sup,|1,|? is attained.

Proof. If |1 |P= sup, | 1,1, then for x = ¢;,
IXllp= 1,

ITP ello= 1Ak |P= ITP1I,

since ITPl= supyli,|® .
ITPxllp= TP, then

Conversely, if

(Z An|?|zy ") = sup | A, |*

and strict convexity implies x = ek SO
sup, |1,|? is attained Okelo (2020).
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Norm-Attainment in Hilbert Spaces

We prove the existence of norm-attaining
unit vectors for self-adjoint and elementary
operators in Hilbert spaces.

Proposition 3.2. Let H be a Hilbert space,
and S,T € NA(H). The elementary operator
Ms.1:B(H) — B(H), defined by

Ms7(X)= SXT, X € B(H),

is norm-attainable.

Proof. Since S,T € NA(H), there exist x,y € H,
IXIlk = llylln= 1, such that ISxIl = lISII,
ITylln=1TI. Define X € B(H) by Xw =
(W,y)X, so lIX|l = 1. Then

Ms (X)W = SXTw = (Tw,y)SX.
Evaluate at w = y:
IMs r(X)Ylln = [Ty, Y)ISXIw= ITIIS.

Since IMstll < IISINITI, we have [[Mst(X)Il =
[IMstll, s0 Ms 1€ NA(B(H)). O

Lemma 3.1. Let A: H — H be a bounded
self-adjoint operator. If [[All or —[IAll is an
eigenvalue, then A is norm-attainable.

Proof. If Axo= Axo, |A| = lAIl, lIXoll = 1, then
IAXolI= 4] = IAII.

Theorem 3.1. Let A: H — H be a bounded
self-adjoint operator on an in nite-
dimensional Hilbert space. Then A is norm-
attainable if and only if [|All or —[|All is in the
point spectrum, or A is compact. Norm-
attaining vectors form a hyperplane.

Proof. If Axo = llAllXoe, norm-attainability
follows (Lemma 3.1). If A is compact, a
sequence {Xn}, IXall = 1, with [|AX.ll — [IAIl,
has a weakly convergent subsequence Xnx — Xo.
Compactness ensures Axn — AXo, With [|Axoll
= JIAIl, lIXoll = 1. Conversely, if A is norm-
attainable, [[Axoll = llAll implies [IAll is an
eigenvalue or A is compact. The norm-
attaining set is anane subspace of ker
(AZIIAIIN), a hyperplane if nite dimensional.
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Applications
We apply norm-attainability to optimization
and functional equations.

Corollary 3.3. Let A : H — H be self-adjoint
with [IA]l in its continuous spectrum. Then A is
not norm-attainable, but [|Ax.l — [IAll for
some sequence {Xn}, Ixall = 1.

Proof. By Theorem 3.1, non-compact A with
Al in the continuous spectrum lacks
eigenvalues at [IAll, so it is not norm-
attainable. The spectral theorem ensures
[{AXn,Xn)| — IAIl, implying [IAXall — NIAIl.

Proposition 3.4. Let A H — H be
normattainable  and  self-adjoint. ~ The
maximum of (Ax,x) over |[x|l = 1 is achieved
on a hyperplane of norm-attaining vectors.

Proof. If IAXoll = IAll, then (Ay ) = zlIAll,
the maximum since [(Ax,X)| < IAll. The setis a
hyperplane (Theorem 3.1).

This framework supports results in Section 4,
characterizing norm-attainability and
applications.

Results and Discussions

This section presents significant theoretical
advancements in the study of norm-attainable
operators in Banach and Hilbert spaces,
building on the framework established in
Section 3. We achieve a comprehensive
extension of norm attainability by generalizing
iterated elementary operators to Banach
spaces, introducing and analyzing a novel
sequence of norm-attainable operators for its
topological properties, and establishing new
results ~on  p-normality  preservation.
Additionally, we fully characterize norm-
attainability for self-adjoint operators in
Hilbert spaces and develop applications in
optimization and operator equations. To
overcome limitations of trivial sequence
convergence, we propose a non-trivial
sequence with proven convergence, offering
fresh insights into operator algebras. These
contributions advance existing theory Evans
and Apima (2023), Okelo (2020) and Mogoi
(2023), address gaps in iterative operator
behavior, and provide citable tools for
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functional analysis, with future research
directions outlined.

Iterated Elementary Operators

We extend Proposition 3.2 to Banach
spaces, addressing norm-attainability of
iterated elementary operators.

Proposition 4.1. Let X be a Banach space,
andS,T: X — Xbe bo_unded norm-attainable

operators. De ne M+ BT —+ B(X]py

MY )=8"YT", Y& B(X)

Then M= is norm-attainable for all n € N.

Proof. Since S,T € NA(X), there exist X,y € X,
IXllx= llyllx= 1, such that ISxllx= ISIl, I Tyllx
= |ITIl. Assume S",T" € NA(X), so there exist
Xn,Yn, IXallx = llynllx = 1, with IS™allx = IS",
IT"nllx = [IT"l. Construct Y € B(X), Y w =
#(W)Xn, Where ¢ € X+,

lpllxx =1, g(yn) = 1. Then IY | = 1, and

MID (V)W = ¢(T"W)S"x,.

since ||MIP (V)] < [IS™111T™]], evaluate at

W =Y

Such that M&® v =
Mg 7 (Y)Ynllx

[Ty ) 1S xn 1 = ISTINT™ ],

is, |1Mg7 (V)11 = [IM7 1, s0

NA(B(X)).

In non-reflexive spaces, norm-attainability

holds by density of extremal points Okelo
(2020).

m
Mg, €

Norm-Attainable Operator Sequence
We define a sequence to study iterative norm-
attainability.

Definition 4.1. Let X be a Banach space, T €
NA(X). De netts 1 o < BIX ] py
te + T

iy = T. Lu+1 = =

Proposition 4.2. Each t, € NA(X).

Proof. By induction, to = T € NA(X).
Assume
th € NA(X), so there exists X, IXallx= 1,

with ltXallx = ltall. For £,4 1 = 2T,
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assume |Itall <IITIl. Then

At +IT
ltnrz|lx < It : 70 T

Test at xo, where [[Txollx=IITIl:

.'ll.l.l".:_| T -.Ir..!||
2

a1l x =

X
In reflexive X, the supremum is attained,
ensuring tn+1 € NA(X).

]

Theorem 4.1. The sequence {t,} converges to
T in the strong operator topology.

Proof. Define d,=t,— T. Then
b, +T . d,

3 £l

lrll.-_] = tn4i T =

Thus, di=0, so t,= T, and |It.xx — Txllx = O,
ensuring strong convergence. [J

Proposition 4.3. The subspace span{t.} is
complete in B(X), but not B(X) unless T = 0.

Proof. Since t,=T, span{t,} = span{T}. For a
Cauchy sequence {aT}, ak— a, S0 axT — aT,
and the subspace is closed. As B(X) is infinite-
dimensional, span{T} =/B(X) unless T = 0.

Proposition 4.4. The sequence {t,} is Cauchy
in the operator norm.

Proof. Since t, =T, lIta— tmll =0 < ¢ for any &
> 0, satisfying the Cauchy criterion. O

Proposition 4.5. The sequence {lit.ll}
converges to [|TIl.

Proof. Since t. = T, lItall = ITIl, so {lit.ll} is
constant and converges to || T||. O

Proposition 4.6. If T is p-normal, i.e., T*U =
UT for an isometric U : X — X, then each t,is
p-normal.

Proof. By induction, to = T is p-normal.
Assume
R = Ut Then

* —th +T* 17 — thU+TU _ Utpy yr
the U =230 = = Uiny

2

=Utn4e

SO ty,41 IS p-normal. O

Hilbert Space Results
We characterize norm-attainability for self-
adjoint operators.
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Theorem 4.2, Let A : H — H be self-adjoint.
Then A € NA(H) if and only if Al is an
eigenvalue or A is compact.

Proof. If Ax = £|lAllx, then [[AXIl = IIAIl. If A
is compact, lIAll is an eigenvalue. Conversely,
if IAXIIL = [IAIl, then (A%,x) = [IAlI%, implying
Ax = z]IAllx or compactness of Evans and
Apima (2023). O

Applications
We apply norm-attainability to optimization
and operator equations.

Theorem 4.3. Let T € NA(X) with [[Txollx =
ITI. The sequence {t.} maximizes J(X) =
ITxII% at Xo, and supports solutions to T"Y T"=
Z.

Proof. Since ta=T, Jn(X) = lItaxlI% = ITII? at
Xo. For T"YT" = Z, Proposition 4.1 constructs Y
with t, ensuring stability Okelo (2020).

Refined sequences

To address trivial convergence we propose
non-trivial sequence

Definition 4.2. Let T € NA(X). Define {tn}
cB(X)by t,=T, tn+l=tn-Pn,

where P,x = ¢, (X)xp, || x, |l =1,
ltnxnllx = ltnll, @n(xn) = 1L llPnll =1

Theorem 4.4. In a reflexive Banach space,
{t.} converges strongly to a norm-attainable
te.

Proof. Since lItall = IITIl, tX = @n-1(X)Yn-1, Yn
= taXn. In reflexive X, {yn}, {#n} have weak
[iMits Yo, Pec

Define toX = @u(X)y=. Then tix — t.X, and
[ItXllx = IItoll. These results advance norm-
attainability theory, with future work
exploring  non-trivial ~ sequences and
applications.

Conclusion

This study advances the theory of norm-
attainable operators in Banach and Hilbert
spaces, building on the framework in Section
3. We established conditions for p-norm
attainability in ¢° spaces (Proposition 3.1) and
characterized norm-attainability for self-
adjoint operators in Hilbert spaces (Theorem
3.1). Our unique contributions include
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generalizing norm-attainability to iterated
elementary operators in Banach spaces
(Proposition  4.1), proving p-normality
preservation for a sequence {t.} (Proposition
4.6), and introducing a non-trivial sequence
with strong convergence in reflexive spaces
(Theorem 4.4). These results enhance
applications in optimization and operator
equations (Theorem 4.3), extending prior
work Okelo and Evans (2020, 2023). Future
research may investigate p-normality in non-
reflexive spaces, convergence rates of non-
trivial sequences, and advanced optimization
algorithms  leveraging norm -attainable
vectors of Mogoi (2023).
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