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Abstract 

This paper is concerned with the Integral tau methods for numerical solution of certain over 

determined Fourth-Order ordinary differential equations. Based on the degree of over 

determination and for the purpose of automation some recurrence relations were obtained. The 

automated Tau system obtained was tested on selected problem for the purpose of validation of the 

study. Numerical results further confirm that the order of the Tau approximant is also accurately 

estimated. 

Keywords: Tau method, Variant, Formulation, Approximant, Perturbation term 
 

 

Received: 26th June., 2023        Accepted: 27th Aug, 2023           Published Online: 27th Dec., 2023 
 

Introduction  
Lanczos proposed the tau method techniques 

in 1983 for the numerical solution of 

ordinary differential equation with some 

conditions given as 

𝐿𝑦𝑛(𝑥)𝑖 = ∑ (∑ 𝑃𝑟𝑘

N

k=0

𝑥𝑘 ) 𝑦(𝑟)(𝑥) = ∑ 𝑓𝑟𝑥𝑟    𝑎 ≤ 𝑥 ≤ 𝑏

𝑛

𝑟=0

𝑚

𝑟=0

                            (1.1)  

 

𝐿 ∗ 𝑌(𝑥𝑟𝑘) = ∑ 𝑎𝑟𝑘

𝑚−!

𝑟=0

𝑦(𝑟)(𝑥𝑟𝑘) = 𝛼𝑘                  𝑘 = 1(1)𝑚                                      (1.2)  

By seeking an approximate solution of the form: 

𝑌𝑛(𝑥) = ∑ 𝑎𝑟𝑥𝑟

𝑛

𝑟=0

                                                                                                             (1.3) 

r< +𝑥of 𝑦(𝑥) which is the exact solution of the corresponding perturbed system  

𝐿 ∗ 𝑌𝑛(𝑥) = ∑ 𝑓𝑟

𝑛

𝑟=0

𝑥𝑟𝐻𝑛(𝑥)                                                                                           (1.4) 

 

𝐿𝑌𝑛(𝑥𝑛𝑘) = ∝𝑘 k= 1(1)m                                                                                     (1.5) 
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Where 

L is the linear differential operator ∝𝑘,  𝑓𝑟,  𝑃𝑛𝑘,   −𝑁𝑀 ∶ 𝑟 = 01(1)𝑚. 𝐾 =
0(1)𝑁𝑟   𝑎 𝑎𝑛𝑑 𝑏 𝑎𝑟𝑒 𝑟𝑒𝑎𝑙 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑠, 𝑦(𝑟) 𝑑𝑒𝑛𝑜𝑡𝑒𝑑 𝑡ℎ𝑒 𝑑𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒𝑠 𝑜𝑓𝑜𝑟𝑑𝑒𝑟 𝑟 𝑜𝑓 𝑦(𝑥).   𝑇ℎ𝑒 

perturbation term 𝐻𝑛(𝑥) in 1.4 is defined by  

𝐻𝑛(𝑥) = ∑ 𝜏𝑖+1

𝑚+𝑠−1

𝑖=0

𝑇𝑛−𝑚+𝑖+1(𝑥) = ∑ 𝜏𝑖+1

𝑚+𝑠−1

𝑖=0

∑ 𝐶𝑟
(𝑛−𝑚+𝑖+1)𝑥𝑟

𝑛−𝑚+𝑖+1

𝑖=0

                (1.6) 

And 𝐶𝑟
(𝑛)𝑠are the coefficient of power of𝑥 (𝑡ℎ𝑎𝑡 𝑖𝑠 𝑥𝑟) 𝑖𝑛 𝑡ℎ𝑒 𝑛𝑡ℎ degree chebyshev 

polynomial denoted and defined by 

𝑇𝑛(𝑥) = cos (𝑛𝑐𝑜𝑠−1 [
2𝑥 − 𝑎 − 𝑏

𝑏 − 𝑎
]) = ∑ 𝐶𝑟

(𝑛)

𝑛

𝑟=0

                                                            (1.7) 

The𝑟′𝑠  are the free tau parameters to be determined alongside with 𝑎𝑟and 𝑆is the number of 

over-determination of (1.1), which is defined by 

𝑆 = 𝑚𝑎𝑥[𝑁𝑟 − 𝑟: 0 ≤ 𝑟 ≤ 𝑚, 𝑁𝑟 ≥ 𝑟] ≥ 0                                                                (1.8) 

 

Literature Review 

The Tau method was initially formulated as a 

tool for the approximation of special function 

of mathematical physics which could be 

expressed in terms of simple differential 

equations. It later developed into a powerful 

and accurate tool for the numerical solution 

of complex differential and functional 

equations. The main idea in it is to solve 

approximate problem. Accurate approximate 

polynomial solution in a linear ordinary 

differential equation with polynomial 

coefficient can be obtained by the Tau 

method introduced by Lanczos (1938). The 

method is related to the principle of 

economization of a differentiable function 

implicitly defined by a linear differential 

equation with polynomial coefficient. 

Techniques based on the Tau method have 

been reported in the literature with 

application to more general equations 

including non-linear ones as reported by 

Onumanyi and Ortiz (1982) also in the work 

of Adeniyi and Aliyu (2008), while 

techniques based on direct Chebyshev 

replacement have been discussed by Biala 

and Adeniyi (2015) and more recently in the 

work of Monsavi and Monsavi (2012). 

Further details on the Tau method can be 

found in references (Ojo and Adeniyi, 2012; 

Ojo and Adeniyi, 2012; Adeniyi, 1991; 

Aliyu, 2012; Isa and Adeniyi, 2013; Adeniyi 

and Aliyu, 2011; Yisa and Adeniyi, 2015; 

Adeniyi and Aliyu, 2007; Yisa and Adeniyi, 

2012). Because of the limitation in some of 

the works reported by Aliyu (2012), this 

study seeks to extend the scope to fourth 

order problems with third degree over-

determination. 

 

The Integrated Formulation of the TAU method 

Description of the integrated formulation  

Let us consider the m-th order linear differential system  

 bxaxfxryxxLy r

r

f

r

r

m

r

 ,=))()(:=)(
0=

(

0=

  (2.1) 

 mkxryxyL krkrk

m

r

rx 1(1)=,=))(:=)( (
1

0=





 (2.2) 

 Let dxxy
i

)(   denote the indefinite integration i  times applied to the function )(xg  and let  

 dxLI
m

L )(=    (2.3) 

 The integral form of (2.3) now becomes  
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 )()(=))(( 1 xCdxxfxyI m

m

L    (2.4) 

 The tau approximant )(xyn  of (3.1), satisfies the perturbed problem:  

 )()(=))(( 1 xHdxxfxyI mn

m

nL    (2.5) 

 mkxyL krkn 1(1)=,=)(*   (2.6) 

 where:  

 )(=)( 1

1

0=

xTxH rmnrsm

sm

r

mn 



   (2.7) 

A class of Overdetermined Fourth Order Differential Equations  

We consider here the integrated form of the tau method for the class of problems: 

 bxaxfxyxPxLy r

r

m

r

 ),(=)()(:=)( )(

0=

 (3.1) 

 1)0(1)(=  ,=)(=)( )(
1

0=

* 


mkxyaxyL krk

r

nrk

m

r

rkn   (3.2) 

 
k

rk

r
N

k

r xpxP 
0=

=)(  (3.3) 

 for the case 4=m  and 3=s .  

So, we now derive a fifth degree approximants for the equation. From (3.1), the general 

case for 4=m , 3=s  is given by  

𝐿𝑦(𝑥) ≔ (∝0+∝1 𝑥 +∝2 𝑥2 +∝3 𝑥3 +∝4 𝑥4 +∝5 𝑥5 +∝6 𝑥6 +∝7 𝑥7)𝑦𝑖𝑣(𝑥) + 𝛽0 + 𝛽1𝑥

+ 𝛽2𝑥2 + 𝛽3𝑥3 + 𝛽4𝑥4 + 𝛽5𝑥5 + 𝛽6)𝑦𝑖𝑖𝑖(𝑥)

+ (𝛾0 + 𝛾1𝑥 + 𝛾2𝑥2 + 𝛾3𝑥3 + 𝛾4𝑥4 + 𝛾5𝑥5)𝑦𝑖𝑖(𝑥)(𝜆0 + 𝜆1𝑥 + 𝜆2𝑥2 + 𝜆3𝑥3

+ 𝜆4𝑥4)𝑦𝑖(𝑥)

+ (𝜇0 + 𝜇1𝑥 + 𝜇2𝑥2

+ 𝜇3𝑥3)𝑦(𝑥) r

r

n

r

xfxf 
0=

=)(=                                                          (3.4) 

 3210 =(0) ,=(0),=(0),=(0)  yyyy   

where, for convenience, we have chosen  ,,,  and   to denote 1234 ,,,   and 0  

respectively; 0=rkx  and 0=a . That is, 

 

 
stux

iv
stux

dvdsdtduvyvvvvvvvxLy
0000

7
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6
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4

4

3

3

2

210
0000

)()(:)(   

 

 
3

3

2

210
0000

6

5

5

4

4

3

3

2

210 ()()( vvvdvdsdtduvyvvvvv
stux

  

   dvdsdtduvyvvvvdvdsdtduvyvv
stux

)()()() 4
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3

3

2

210
0000

5

5

4
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 )()(=)()( 71
0000

3

3

2

210
0000

xTdvdsdtduVfdvdsdtduvyvvv n
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 )()()()()()( 162534435261 xTxTxTxTxTxT nnnnnn        (3.5) 
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 Simplifying and equating the Corresponding Coefficient Powers of x, we have the 

recurrence relation: 

 
00

1

07
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3
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04

5
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6
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0100 =    nnnnnnn CCCCCCCa

 (3.6) 
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111000 22=    nnnnnnn CCCCCCCaa  (3.7) 
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 (3.8) 

6
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A Numerical Experiment  

We consider here the following problems for experiment with our results of the preceding 

sections. The exact error is defined by   𝜀 ∗= max
0≤𝑥≤1

[|𝑌(𝑥𝑘) − 𝑌𝑛(𝑥𝑘)|], 0 ≤ 𝑥 ≤ 1, [𝑥𝑘] =

[0.01𝑘], 𝑘 = 0(1)100 

Example 4.1 

𝐿𝑌(𝑥) ≔ 𝑦𝑖𝑣(𝑥) − 𝑦′′(𝑥) + (
3

2
+

1

2
𝑥 +

1

4
𝑥2) 𝑦(𝑥) =

9

4
+

3

2
𝑥 + 𝑥2 +

3

8
𝑥3 

𝑦(0) =
3

2
, 𝑦′(0) =

1

2
, 𝑦′′(0) =

1

2
, 𝑦′′′(0) =

1

2
 

𝑚 = 4,    𝑆 = 2 
 

 

 

 

 

Table 4.1a : The linear equations obtained were solved by maple package as shown 

below(case n=6) 

 

𝒙
x

 
Exact

 
Approximate Error

 

0 1.500000000000000 1.500000000000000 0.0000E+00 

0.1 1.552585459000000 1.552585459051886 0.0000E-00 

0.2 1.610701379000000 1.610701380771994 1.0000E-9 
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0.3 1.674929403000000 1.674929430790961 2.7000E-8 

0.4 1.745912348000000 1.745912536389091 1.8800E-7 

0.5 1.824360635000000 1.824361457272781 8.2200E-7 

0.6 1.911059400000000 1.911062077174601 2.6770E-6 

0.7 2.006876354000000 2.006883414463614 7.0600E-6 

0.8 2.112770464000000 2.112786300940194 1.5836E-5 

0.9 2.229801556000000 2.229832621418836 3.1065E-5 

1.0 2.359140914000000 2.35919491363453 5.39990E-5 

 

 
Figure 4.1a. Graphical representation of numerical result for Example 4.1 (Case n=6) 
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9 
 

 Table 4.1b: The numerical results for problem 4.1b (case n=7) 

X Exact Approximate Error 

0 1.500000000000000 1.500000000000000 0.00000000 

s0.1 1.552585459000000 1.552585459051886 0.00000000 

0.2 1.610701379000000 1.610771380771994 -7.0001E-5 

0.3 1.674929403000000 1.674929430790960 -2.7000E-8 

0.4 1.745912348000000 1.745912536389081 -1.8800E-7 

0.5 1.824360635000000 1.824361457272606 -8.2200E-7 

0.6 1.911059400000000 1.911062077192740 -2.6770E-6 

0.7 2.006876354000000 2.006883414449804 -7.0600E-6 

0.8 2.112770464000000 2.112786300861840 -1.5836E-5 

0.9 2.229801556000000 2.229832621056559 -3.1065E-5 

1.0 2.359140914000000 2.359194939938212 -5.4025E-5 

 

 

Figure 4.1b. Graphical representation of numerical results for  numerical result for Example 

4.1 (Case n=7) 

 

Discussion of Results 

From the tau approximation problem of this 

study, the numerical results presented in 

tables 4.1a-4.1b show the closeness of tau 

approximant to the desired analytic 

solutions. This shows that the proposed 

method is quite effective for handling the 

class of problems addressed.  

 

 

Conclusion 

The derivation of an approximation scheme 

for a fourth order ordinary differential 

equations with third degree 

overdetermination by the integral tau 

method has been presented. The class of 

ordinary differential equations under 

consideration were integrated four times 

and then pertubing the resulting equations. 

This is to guaranttee an improved accuracy 
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of the desired approximation viz-a-viz 

those of the recursive and the differential 

formulations .Adeniyi (1991). Numerical 

evidences obtained from the selected 

problem show that the method is accurate 

and effective.  
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