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Abstract

This paper is concerned with the Integral tau methods for numerical solution of certain over
determined Fourth-Order ordinary differential equations. Based on the degree of over
determination and for the purpose of automation some recurrence relations were obtained. The
automated Tau system obtained was tested on selected problem for the purpose of validation of the
study. Numerical results further confirm that the order of the Tau approximant is also accurately
estimated.
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Introduction ordinary differential equation with some
Lanczos proposed the tau method techniques conditions given as
in 1983 for the numerical solution of
m N n
Ly,(x)i = Z ( P x¥ )y(r)(x) = Zfrxr as<x<b (1.1
r=0 \k=0 r=0
m-!
LaYCin) = ) aney® () = a k=1(Dm (12)
r=0
By seeking an approximate solution of the form:
n
Yn(x) = Z a.x" (1.3)
r=0
r< +xof y(x) which is the exact solution of the corresponding perturbed system
n
LxYn(x) = Z fr x"Hn(x) (1.4)
r=0
LYn(xp) = < k=1(1)m (1.5)
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Where

L is the linear differential operator o<y, f,., Pp —Ny : 7 =01(1)m.K =
0(1)N, aand b are real constants, y(r) denoted the derivatives oforder r of y(x). The

perturbation term H,,(x) in 1.4 is defined by

m+s—1 m+s—1 n-m+i+1
Ha) = ) TiaTaomein ()= ) Ty ). GO (1.6)
i=0 i=0 i=0

And C, ™ sare the coefficient of power ofx (that is x") in the nth degree chebyshev

polynomial denoted and defined by

n
2x—a—>b
T,(x) = cos (ncos‘1 LD = Z c,™

b—a

r=0

(1.7)

Ther's are the free tau parameters to be determined alongside with a,.and Sis the number of

over-determination of (1.1), which is defined by

S=max[N, —r:0<r<m,N,>r] >0

Literature Review

The Tau method was initially formulated as a
tool for the approximation of special function
of mathematical physics which could be
expressed in terms of simple differential
equations. It later developed into a powerful
and accurate tool for the numerical solution
of complex differential and functional
equations. The main idea in it is to solve
approximate problem. Accurate approximate
polynomial solution in a linear ordinary
differential equation with  polynomial
coefficient can be obtained by the Tau
method introduced by Lanczos (1938). The
method is related to the principle of
economization of a differentiable function
implicitly defined by a linear differential
equation  with  polynomial coefficient.
Techniques based on the Tau method have
been reported in the literature with

The Integrated Formulation of the TAU method

Description of the integrated formulation

(1.8)

application to more general equations
including non-linear ones as reported by
Onumanyi and Ortiz (1982) also in the work
of Adeniyi and Aliyu (2008), while
techniques based on direct Chebyshev
replacement have been discussed by Biala
and Adeniyi (2015) and more recently in the
work of Monsavi and Monsavi (2012).
Further details on the Tau method can be
found in references (Ojo and Adeniyi, 2012;
Ojo and Adeniyi, 2012; Adeniyi, 1991;
Aliyu, 2012; Isa and Adeniyi, 2013; Adeniyi
and Aliyu, 2011; Yisa and Adeniyi, 2015;
Adeniyi and Aliyu, 2007; Yisa and Adeniyi,
2012). Because of the limitation in some of
the works reported by Aliyu (2012), this
study seeks to extend the scope to fourth
order problems with third degree over-
determination.

Let us consider the m-th order linear differential system

Ly(x):=iar(x)y(r)(x)=Zf:frxr,agxsb (2.1)
r=0 r=0

m-1
L*y(xrx) = Zark y(r)(xrk) = Qs

r=0

k=1(1)m (2.2)

Let ”I---Iy(x)dx denote the indefinite integration i times applied to the function g(x) and let

=1 oo

The integral form of (2.3) now becomes

(2.3)
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1L (yO0) = [[[Fdx+ oy () (2.4)
The tau approximant Y, (X) of (3.1), satisfies the perturbed problem:
1 (Y 00) = [ ][ [ 00X+ Hy s () (25)
Ly, (x,)=a,, k=1(1)m (2.6)
where:
m+s+1
Hn+m (X) = z z-m+s—rTn—m+r+1(X) (27)

A class of Overdetermined Fourth Order Differential Equations
We consider here the integrated form of the tau method for the class of problems:

Ly(x):= Zm:Pr )y (x)=f(x), a<x<b (3.1)
L*yn (er) = Zark yr(1r) (er) = Oy, k= 0(1)(m _l) (32)
r=0
Nr
P (x)= > pX" (33)
k=0

for the case m=4 and s=3.
So, we now derive a fifth degree approximants for the equation. From (3.1), the general
case for m=4, s =3 is given by
Ly(x) = (xg+0¢; x +0¢, x2 +o<g x3 4+ocy x* +ocg x5 +0cg x© +0¢; x7) YW (x) + Bo + Bix
+ Box? + B3x® + Bux* + Bsx® + o)y (x)
+ (Yo + y1x + ¥2x% + y3x3 + yaxt + ys x5y () (A + Ayx + A2 + A5x3

+ A,x*)y'(x)

+ (o + X + pipx?

+ uzx3)y(x) = f(x) = Z:frxr (3.4)
r=0

¥(0)=p,,Y'(0)= o1, Y'(0) = p,, y"(0) = o5
where, for convenience, we have chosen o, f,7,4 and u to denote p,, 0, p,, 0, and p,

respectively; X, =0 and a=0. That is,

09 ([ st s gt sy ot [ L[

X pU et oS
(By + BV + BoVZ + BN + BV + BV + B)y'" (v)dvdsdtdu+ _[0 _fo IO L (Vo + 7V + 7V + V0 +

7Vt +yv°)y"(v)dvdsdtdu+ J'OXJ':.[; Ls(ﬂ,o + AV + ALV + AV + A,vh)y'(v)dvdsdtdu+

X U et S X U pt s
jo jo jo [ (o + 11y + v + ) y(v)dvdsditdu= [ | jo jo f (V)dvdsdtdu+z,T,., (X)
+7 T () +7,T, s (X) + 7,7, 15 Ty () + 7T, (X) + 7T, (X)  (3.5)
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Simplifying and equating the Corresponding Coefficient Powers of x, we have the
recurrence relation:

n+7 n+6 n+5 n+4 n+3 n+2 n+l _
8, —1,Cy  —1,Cy " .G —1,Cy T =Gy — 7 Gy T — 7, Cy T = a0
(3.6)
n+7 n+6 n+5 n+4 n+3 n+2 n+l —
By +ad -G —,C 0 -G —7,C T G -7 G G = oy — 2000, - 28,0, (3.7)

%[(370 —4p, —Ta,)a, — (o, + By)a, — 20,8, - 71C2n+7 - z'2CZn+6 - z'e,Cszr5 - 74C2+4 - TSC;+3 - Tecéwz - T7C;+l

- Gt 20,8, = Bo¥o —3V0Po = AB1Po — 100 + 1 p1 + 20, (3.8)
2

1 n+ n+
E[(30053 +12p, +5y, +24,)a, + (8, + 50, +3y,)a, — 2(2c, + ,)a, + a,a,]—7,C; ! -7,C; 6

n+5 n+4 n+3 n+2 n+l
-G —7,C" .G =, G —7,C;

- 1810300 =3y, + 60,0, =350, 108,00 + 67105 + 2701 + Ao Po =503 + 3P, +58,01 (3.9)
6

%[(116014 +308, +8y, + 4, + 1y)a, + (420, + 145, + 4y, + 24,)a, + (18a, +125, + 67, )a, — (18a, + 6 53,)
a, +24a,3,]-7,C;" —7,C*° —,C)*° —7,CI* - ,CI° - ,CI* —2,C;7" =0
(3.10)
1

ﬁ)[(720055 +168p, +368y, + 64, + 1,)a, + (264a, + 965, + 24y, + 31, + 14,)a, + 2(420, + 345, +11y,

+21,)a, + (60, + 424, +18y,)a, + 24(4e, + f,)a, +120c,a;]
—7,CM —,CM*° — 7, CM° —,CM -, CMP 7 C) -7, CIM =0 (3.10)
1

214400, +9005, + 48y, + 247 + )2, + (12402 + 3008, +607; +87, + u)a; + (4322, ~1985; -

46y, —54 + uy)a, + (7120, + 1443, + 42y, + 64,)a, +120(11x, -85, —3y,)a, +60(5, + f,)a; +
360cr,3;1-7,C5 " —7,C¢ " —7,C5 " —7,Cg ™ —7.Cq 7 — 7, Cg — ;G =0
(3.12)

[w a + [o,(k—1)— (20, + B)(k =1) =320, + B, + 1,)] a,, +ety (k—2)
k k(k-1)

(k —1)k — Bty + f)(k = 2)(k ~1) ~3(Be; + 213, + 1) (k= 2) - 2(605 + 2/, + 11 = A)]
(k—2)(k —1)k 3
[, (k=3)(k = 2)(k —1)k - (der, + B) (K =3)(k —2) (k =1) = 3(12, + 3B, +7,)
(k=3)(k—-2)-2(24a, + 65, + 2y, — 4)(K=3) + (24, + 6 B, + 2y, + A + 14)] a
(k=3)(k —2)(k —1)k -
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[as (k =3)(k =2)(k 1)k — (5a5 + ) (k =3)(k = 2)(k —1) - 3(200z5 + 43, +7;)

(k =3)(k = 2) - 2(60a, +12/3, +3y, — 4,)(k =3) ~ (1200, + 243, + 6, + 22, + 14)]
(k —3)(k —2)(k —1)k
[ (k =3)(k —=2)(k —1)k — (65 + fB5) (K —3)(k —2)(k —=1) —3(30crs + 505 +7,)

75

(k—=3)(k—2)—2(120x, +1205; + 4y, + A,)(k —3) + (360, + 605, +12y, + 34, +,uz)]
(k=3)(k—-2)(k—-1)k
[, (k=3)(k = 2)(k —1)k = (7ar; + ) (k = 3) (k = 2)(k —1) - 3(420r, + 65, +75)

—6

(k—=3)(k—-2)—2(2100, +308, + 5y + 4,)(k —3)+ (840, +1204, + 20y, + 44, +,u3)]
(k-3)k-2)(k-1)k

n+7 n+6 n+5 n+4 n+3 n+2 n+l
7,C " —7.,C” —,C” —7,C —7.C” -7 ,C T —7,C ]

—7

fir (3.13)
(k)(k Dk-2)(k-3)(k-4)(k—-5)(k-6)

1
(n=2)(n-1)(n)(n+1)

[[(e, (n-2)[n* —4n* —-120n - 2941+ 840c, ) — (B, (N —2)[n* +17n +62]—

1208,) — (75 (N 2)(\—1)]-20y,) — (24, (N —4) + 11,)a, ;]+[(cs (N~ 2)(n° —6n? —85n ~150)+ 360ct,)
~(B,(n~2)[n* +14n+ 225]-60/3,) ~ 7, (N~ 2)[31+5]-127,) ~24,(N-17)+ )]a, ; +[(as (1—2)
[° —5n% —56n—60]-120a,) - (B, (N —2)(n? +11n+12)— 248,) — y,(N—2)(3n+3) + 67,) + L, + 14)]
a, , +[a, (N—2)[-35n° +20n° +15n) + 24ct,) — (B,(n— 2)[* ~10n—3]+63,) + (,(n—2)(-3n —1)
+2,)+ (4 (5-2n) + )18, 5 +[(e(n-2)(n° ~3n° =19 +6)]+ 3,[2n° +10n) + 1,(1-3n) - 2/,)]

a, , +[(a,(n—2)(n* = 7n+6)]- B[n+3)—3y,]a, , +[en (N—2)(n* —n)(n+ 5,)]a,]
- Tlc:j - Tzc::f - Z'3C::f - TAC::f - T5C::13 - TeC:If - 77(:::11 ]Xn+1

fnG

(3.14)
(n+1)(n)(n 1)(n-2)(n-3)(n—4)(n-5)

1
(n=1)(n)(n+1)(n+2)

[[(e, (n-1)[n* —4n* —=131In—420]+840¢,) — (B, (n—1)[n* +19n + 60]-

1208,) — (75 (n—1)(3n+10)]- 20y, ) — (24, (n—3) + 1)@, ] +[(; (N —1)(n* —3n* —86n —240)+
17
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360c;) — (B, (n—1)[n* +16n+240)-604,) — 7,(N—1)[3n+8]-12y,) — 24,(n+6)+ 1,)]a_, +[( %
(n-1)[n*-2n*-63n —-120]-120¢,) - (5, (n —1)(n* +13n+24)+ 248,) - 7,(n-1)(3+6) +6y,) —
2,n—1)1a, 5 +[e, (n+1)[n° —39n* +38n - 48)— 24ar,) — (B,(n—1)[n* —2n) + 6 3,) - (3,(n 1)
(3n+4)=2y,) + (A4 (2n+3)+ )18, , +[(a(N-1)(0° ~19n) —12a,) - B,(n* —7n) —413,)
(n(Bn+2)-24)]a,, +[(a,(n-1)(n* = 7n) - B[n+4)-3y,]a, —-7,C;; —7,C15 —Crs

f
-7,C; —7:Col; —7,Clz = (3.15)

"2 (n+2)(n+1)(N)(n-1)(n-2)(n-3)(n—4)
1
(N(+1)(n+2)(n+3)
1204,) - (7sn(3n—=7)1-20y5) — 22, (N —2) + 15)1a,, 4] +[(rsN(n° —85n —336) +
360, ) — (B;n(n* +18n +25)—604,) — (7,n(3n—5)—12y,) —24,(N—15)+ 11,) 18, 5 +[(en

[[(e,n[n® —n*—-136n—554)+840c,) — (B,n)[n° +21n +80]-

[n®+n*—64n-184]-120c, ) — (B,n(N* +15n+38)+243,) — 7,N(3n+9) +6y,) — 24, (N +1) — 14,)]
a_, +[a,n[n® +2n* —37n—86)+ 24, ) — (B,n(N* +12n+23)— (,n(3n+7) - 2y,)

— (A1) + )18, , +[(@n(n® +3n* —16n —30)— A,n(n+9)-12/3,) — (7, (3n +5)— 2, )]a,
_z_lcn+7 —TZCn+6 —Z'3Cn+5 —Z'4Cn+4 —T5Cn+3

n+3 n+3 n+3 n+3 n+3

= ho (3.16)
(n+3)(n+2)(n+1)(N)(n-1)(n-2)(n-3)
1 3 2 2
D)+ +3)n+4) [[(er; (n+1)[n° +2n? —135n - 688]+840a, ) — (B, (N +1)(n* +23n+102)

~1208,) — (s (n+1)(3 +16)]- 2035) — (24, (N—1) + 11,)a _,]+[(cr (N+1)(n° —9n® —94n — 282)+
360cz,) — (B (N+1)(n? + 20N+ 276)— 60/3,) — 7, (N+1)[3n +14]-12y,) — 24, (n—14) + 1,)]a, , +
[(c (N+1)[n° +4n? —59n — 234]-120ct,) — (B, (n+1)(N? +17n+54)+ 248,) — 7,(n +1)(3 +36) + 65,

—24,(n+2)—w)la, , +[e, (n+1)[n° +5n* =300 —120)+ 24cr,) — (B,(n+1)[n* —4n—24)-63,) -
(7, (N+1)(3+2) = 2y,) - (A (2n+1)+ )], —7,.Cry —7,Coi7 —7,Cls —7,Chly

n+4 n+4 n+4 n+4

_ 18
T (n+4)(n+3)(n+2)(n+1)(N)(n-1)(n-2)

(3.17)

1
(n+2)(n+3)(n+4)(n+5)

[[(e, (n+2)[n° +5n° —128n —822]+840cz, ) — (B, (n+2)(n* + 25n +12)

—1208,) - (75 (n+2)(3n+19)]- 20y, ) — (A,n+ w)]a, _, +[(a; (N +2)(n* +6n° —85n +520)+
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360c;,) — (B, (n+2)(n* +22n+297)-604,) — 7, (n+2)(3—-5)-12y,) - 22,(n—13)+ w,)]a, , +
[ (n+2)[n* +7n? —48n—300]-120cz; ) — (B, (N +2)(n* +19n+72)+248,) - 7,(n+2) (3 +15)+67,)
fos

(3.18)
(n+5)(+4)N+3)(n+2)(n+1)(n)(n-1)

=22, (n+3)~ )], - Tlc:;rs? - Tzc::s - 73C::55 =

1
(n+3)(n+4)(n+5)(n+6)

[[(a,(n+3)[n* +8n* —11n—944]+840cz,) — (B, (n +3)(n* + 27Tn +152)

~1208,) — (75 (n+3)(n+14)]- 205, ) — (24, (n+1) + 1,)]a, _, +[(a, (n+3)(n* +9n* + 70n — 600) +

360c;) — (B, (n+3)(n° +24n+320)-604,) - 7,(n+3) (3 +20)-12y,) —24,(n-12)+ 1,)]a, +

—7,Cle —7,Clg = Focy (3.19)
(n+6)(n+5)(n+4)(n+3)(n+2)(n+1)(n)
l 3 2
(1) 15) N 6)nLT) [[(e;(n+4)[n° +11In° +58n - 630]+840c,) — (S5 (n+4)
(n*+29n+180)1208,) — (75 (N +4)(3n+25)— 20y, ) — (22, (n+2) + 1,)]a,
crl = fy (3.20)

T T (e T)(n+6)(n+B)(n+ 4)(n+3)(n+ 2)(n+1)

A Numerical Experiment
We consider here the following problems for experiment with our results of the preceding

sections. The exact error is defined by ¢ *= Omaxl[lY(xk) — Y, (), 0<x < 1,[x] =
<Xx<
[0.01k], k = 0(1)100

Example 4.1
LY()'— iV()_ ”()+(§+1 +1 2) ()—24_5 + 2_|_§ 3
x) =yY(x)—y"(x SHoxtgx7)y() =g +ox+x"+ox
(0)_3 /(0)_1 II(O)_l III(O)_l
y —2'37 —2'37 _z'y _2
m=4 S=2

Table 4.1a : The linear equations obtained we 19 ved by maple package as shown
below(case n=6)

X Exact Approximate  Error

x
0 1.500000000000000 1.500000000000000 0.0000E+00

0.1 1.552585459000000 1.552585459051886 0.0000E-00
0.2 1.610701379000000 1.610701380771994 1.0000E-9
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0.3 1.674929403000000 1.674929430790961 2.7000E-8
04 1.745912348000000 1.745912536389091 1.8800E-7
05 1.824360635000000 1.824361457272781 8.2200E-7
0.6 1.911059400000000 1.911062077174601 2.6770E-6
0.7 2.006876354000000 2.006883414463614 7.0600E-6
0.8 2.112770464000000 2.112786300940194 1.5836E-5
0.9 2.229801556000000 2.229832621418836 3.1065E-5
1.0 2.359140914000000 2.35919491363453 5.39990E-5
-l wacsm sy s semessmeszems smemsms Sxs SISmREAD S AT

-0.2 // ’

-(.4

-0.5

-0.6

st X

-0.8

-(.9

- | =

{)

-

‘i —iiaa l-xact

Figure 4.1a. Graphical representation of numerical result for Example 4.1 (Case n=6)

- —— '\!'i““\
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Table 4.1b: The numerical results for problem 4.1b (case n=7)

X Exact Approximate Error
0 1.500000000000000 1.500000000000000 0.00000000
s0.1 1.552585459000000 1.552585459051886 0.00000000
0.2 1.610701379000000 1.610771380771994 -7.0001E-5
0.3 1.674929403000000 1.674929430790960 -2.7000E-8
04 1.745912348000000 1.745912536389081 -1.8800E-7
0.5 1.824360635000000 1.824361457272606 -8.2200E-7
0.6 1.911059400000000 1.911062077192740 -2.6770E-6
0.7 2.006876354000000 2.006883414449804 -7.0600E-6
0.8 2.112770464000000 2.112786300861840 -1.5836E-5
0.9 2.229801556000000 2.229832621056559 -3.1065E-5
1.0 2.359140914000000 2.359194939938212 -5.4025E-5
y,
2.2 /
)
3. /
2 Y
P
1.91 7 #
1.8 1 /‘ g
;' v
1.7 { »
P
1.6 o~
>
v sl .
0 02 0.4 0.0

Figure 4.1b. Graphical representation of numerical results for numerical result for Example

4.1 (Case n=7)

Discussion of Results

From the tau approximation problem of this
study, the numerical results presented in
tables 4.1a-4.1b show the closeness of tau
approximant to the desired analytic
solutions. This shows that the proposed
method is quite effective for handling the
class of problems addressed.

21

Conclusion

The derivation of an approximation scheme
for a fourth order ordinary differential
equations with third degree
overdetermination by the integral tau
method has been presented. The class of
ordinary differential equations under
consideration were integrated four times
and then pertubing the resulting equations.
This is to guaranttee an improved accuracy
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of the desired approximation viz-a-viz
those of the recursive and the differential
formulations .Adeniyi (1991). Numerical
evidences obtained from the selected
problem show that the method is accurate
and effective.
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